We show that the reduced Drinfeld double of the Ringel-Hall algebra of a hereditary category is invariant under derived equivalences. By associating an explicit isomorphism to a given derived equivalence, we also extend the results of [BS1], [BS2], [SVdB], and [XY].
Introduction
Let A be an essentially small Abelian category such that the sets Hom(A, B) and Ext 1 (A, B) are each finite for all A, B ∈ A, and let I denote the set of isomorphism classes of objects in A. Then it is possible to give the vector space C[I] the structure of an associative algebra by the rule
where g C A,B is defined to be the number of subobjects M ⊂ C such that M ∼ = B and C/M ∼ = A. Equivalently,
where ∆ C B,A denotes the set of short exact sequences 0 → B → C → A → 0.
The resulting algebra is known as the Hall algebra H A of A.
Hall algebras first appeared in the work of Steinitz [S] and Hall [H] in the case where A is the category of Abelian p-groups. They reemerged in the work of Ringel [R1] - [R3] , who showed in [R1] that when A is the category of quiver representations of an A-D-E quiver Q over a finite field F q , the Hall algebra of A provides a realization of the nilpotent subalgebra U q (n + ) of the quantum group U q (g) associated to the underlying graph of Q. More generally, if Q is of affine type, then the subalgebra of the Hall algebra generated by the simple objects corresponding to the vertices (known as the "composition subalgebra") is isomorphic to the nilpotent subalgebra U q (n + ) of the quantum Kac-Moody algebra U q (g) associated to Q.
In [R1] , Ringel posed the question of how to extend this construction naturally to recover the whole quantum group U q (g). Using the group algebra of the Grothendieck K 0 (A) to realize the torus algebra, he showed how to extend the Hall algebra in such a way that it recovers the Borel subalgebra U q (b + ) when A = Rep Fq ( Q). By generalizing the coproduct of Green [Gr] to this "extended" Hall algebra, Xiao [X2] showed that it is a self-dual Hopf algebra when the category A is hereditary (i.e. of homological dimension less than or equal to one). This is true in particular when A is the category of representations of a quiver. Using the Drinfeld double construction, Xiao defined an algebra DH A for a given hereditary category A that realizes the whole quantum group in the special case A = Rep Fq ( Q). It has remained an open question, however, whether this is the most natural way to realize U q (g). Since the Hall E-mail address: tim.cramer@yale.edu. algebras of such derived equivalent categories as Rep Fq (A (1) 1 ) and Coh(P 1 ) have been found to correspond to positive "halves" of the same quantum group [K1] , it has been thought that the correct extension of H A should be given in terms of the derived category, or should at least be invariant under derived equivalences. Indeed, many attempts have been made to define associative algebras analogous to the Hall algebra for D b (A) using exact triangles (e.g. [X1] , [T] , [XXu] ), but none of these constructions have realized the quantum group U q (g) for A = Rep Fq ( Q). On the other hand, in the case of the derived Bernstein-Gelfand-Ponomarev reflection functors [GM] 
explicit isomorphisms (R α ) * : DH Q → DH σα Q have been given in [SVdB] and [XY] . Similarly, Burban and Schiffmann have associated algebra automorphisms of DH A to the autoequivalences of the derived categories of coherent sheaves on elliptic curves [BS1] and weighted projective lines of tubular type [BS2] . In [Sc] , Schiffmann states a conjecture generalizing these formulas to any tilting functor. The main result of this paper can be stated as follows Acknowledgements. I would like to thank Professor Mikhail Kapranov for his support and many useful discussions. I am also grateful to Professor Igor Burban for pointing out mistakes in an earlier version of the paper.
The Drinfeld double
Given two Hopf algebras A and B, a Hopf pairing is a bilinear map ϕ :
where ǫ, △, and σ denote the counit, coproduct, and antipode, respectively. Here we define ϕ :
A skew-Hopf pairing is a bilinear map ϕ : A × B → C satisfying (2.1)-(2.2) and
When there exists a skew-Hopf pairing ϕ : A × B → C, the Drinfeld double [D] [J] of A and B with respect to ϕ is the vector space A ⊗ B with multiplication defined by
The last identity (2.10) is equivalent to
The following lemma is adapted from Lemma 3.2 in [BS1] :
We now mention the original motivation for the Drinfeld double construction. Let g be a Kac-Moody algebra and consider U q (b + ), the quantized enveloping algebra of a Borel subalgebra b + ⊂ g. Note that this is a Hopf algebra. We would like to recover U q (g) from U q (b + ). Let A = U q (b + ) and let B = A coop , i.e. A with opposite coproduct. Then there exists a symmetric skew-Hopf pairing ϕ :
The quotient of the Drinfeld double of A and B with respect to this pairing by the ideal generated by the elements
Double Hall algebras
Assume A is an essentially small Abelian category of finite global dimension with Ext i (M, N) finite for all i. Then we can define a new multiplication on C[I] that is still associative by
where the Euler form ·, · : K 0 (A) × K 0 (A) → C is defined by
We will call this the Ringel-Hall algebra of A and denote it by H A . In the case of A = Rep Fq ( Q), the Ringel-Hall algebra of A (or its"composition subalgebra" if Q is not finite type) also gives a realization of U q (n + ).
Next, we define the extended Ringel-Hall algebraH A to be the associative algebra generated by H A and C[K 0 (A)] subject to the relation
There is an isomorphism of vector spaces given by the multiplication
If we assume that A is hereditary and that each object of A has finitely many subobjects, thenH A is a self-dual Hopf algebra, as shown by Xiao [X2] . These conditions are satisfied in particular when A = Rep Fq ( Q) for any quiver Q. In this case, the extended Hall algebrã H A gives a realization of U q (b + ) as a Hopf algebra. In general, the coproduct and counit for H A are given by [Gr] , [X2] :
for [A] ∈ I and α ∈ K 0 (A). Note thatH A is graded as both an algebra and a coalgebra by the Grothendieck group K 0 (A).
is a skew-Hopf pairing.
Proof. It is clear that (2.1) holds. We check (2.2) and (2.5) follows from a similar argument. 
Note that this identity is independent of k α and k β . After simplifying, this can be written (3.1) [L] , [M ] , [N ] A, B B, B L, N 
We define the reduced Drinfeld double ofH A , or "double Hall algebra" DH A , to be the quotient of DH A by the ideal generated by the elements
and conversely, any pair of short exact sequences of this form determines a unique four-term exact sequence. It follows that 
Because the class of M in K 0 (A) is the same for all the non-zero terms in Lemma 2, (3.1)-(3.2) becomes (3.4) [L] , [N ] A, B B, B L, N 
Derived equivalences and normal form
The following result can be found in [K2] :
If we assume that A and B satisfy the hypotheses of Theorem 1, then it follows that
More generally, any object A ∈ A decomposes as a direct sum i∈S A i with A i ∈ A i , and [A] can be written in normal form
where the indices in the product on the right are in increasing order. This says that the multiplication map m :
is an isomorphism of vector spaces. Here H A i denotes the subalgebra of H A generated by elements {[A]|A ∈ A i } (or equivalently, the vector subspace spanned by the elements {[A]|A ∈ A i }). Note that we define the infinite tensor product of algebras as consisting of tensors with all but finitely many factors equal to 1. Moreover, the multiplication
is also an isomorphism, where C[K 0 (A i )] denotes the subalgebra of C[K 0 (A)] generated by the elements k A for A ∈ A i (since each A i itself is not an abelian category).
be a derived equivalence and define the subcategories A i for i ∈ Z as above. The double Hall algebra DH A is isomorphic to the free associative algebra on the vector spaceH A ⊗H A modulo the relations
(4.10) [L] , [N ] A, B B, B L, N 
(4.11) [L] ,[N ]
Proof. Our original definition of DH A is clearly isomorphic to the free associative algebra onH A ⊗H A modulo the relations (4.2)-(4.11) for A, B ∈ A. Using (4.1), it is also not hard to see that if the relations (4.2)-(4.9) hold for all A ∈ A i and B ∈ A j , then they hold for all A, B ∈ A. So all that is left to prove is that if the equation (4.10)-(4.11) holds for all A ∈ A i and B ∈ A j then it also holds for all A, B ∈ A. For arbitrary A, B ∈ A, we can have two possibilities. If there exist i, j ∈ Z such that A ∈ A i and B ∈ A j , then by assumption, (4.10)-(4.11) is satisfied. Otherwise, we can write [A] or [B] as a product using (4.1), and by Lemma 1, the equation (4.10)-(4.11) is implied by a collection of equations of the same form involving the factors in this product. It follows from the grading onH A that (4.10)-(4.11) holds for arbitrary A, B ∈ A by induction on the "length" of A ⊕ B, i.e. the sum of the coefficients of A and B in K 0 (A). The case where A ⊕ B has length 2 or less is clear, since any simple object is contained in A i for some i.
Proof of Theorem
We now prove the main result that the double Hall algebra of a hereditary category is invariant under derived equivalences. Assume throughout this section that A and B satisfy the hypotheses of Theorem 1.
Proof. First, we can extend F * to a linear map F * :
for n even and F * (1 ⊗ [M]) = k N ⊗ 1 for n odd. By (4.1), we can decompose k α [A] uniquely as
for any α ∈ K 0 (A) and A ∈ A. So, define
Define F * (1 ⊗ k β [B] ) similarly, and define
Then F * extends to a linear map onH A ⊗H A and to an algebra homomorphism on the free associative algebra onH A ⊗H A . By Proposition 3, it suffices to show that F * preserves (4.2)-(4.11). It is immediate from our definition of F * that (4.8) and (4.9) are preserved for A ∈ A i and B ∈ A j . It is also easy to see that (4.3) and (4.6) are preserved for A ∈ A i and B ∈ A j . For i = j, this is because F induces a group homomorphism on K 0 (A). For i = j, it is because C[K 0 (A)] and C[K 0 (B) ] are commutative. Now, take A ∈ A i and A ′ ∈ A i+n . Without loss of generality, we may assume that i is even. If we set B = F (A)[−i] and B ′ = F (A ′ )[−i − 1], then for n even,
Note that (A|A ′ ) = (B|B ′ ) if n = 0 and (A|A ′ ) = (B|B ′ ) −1 if n = 1. If n ≥ 2, then (A|A ′ ) = (B|B ′ ) = 1. Hence, F * is consistent with (4.4), and by a similar argument, it is consistent with (4.7). We divide the proof that F * preserves (4.5) into three cases. The proof for (4.2) is analogous.
Case
Without loss of generality, assume that i is even. Then
Since F is a derived equivalence, it defines a bijection between the short exact sequences
and the last equation is equal to the image of
under F * . This shows that F * is consistent with (4.5).
Case 2: |i − j| = 1 Let A i ∈ A i and A i+1 ∈ A i+1 . Without loss of generality, we may assume that i is even. It is immediate that F * preserves (4.5) in the case that A i = A and A i+1 = B. So, substitute A i+1 = A and A i = B into (4.5). Then we can rewrite the right hand side of (4.5) in normal form:
Here I i and I i+1 denote the set of isomorphism classes of objects in A i and A i+1 , respectively. Now,
Using (3.4)-(3.5), we have
Since N ∈ B i and L ∈ B i+1 for all non-zero terms, |Ext 1 (N, L)| = N, L −2 and after simplifying, we have
So, we calculate
showing that F * is consistent with (4.5). Case 3: |i − j| ≥ 2 If A i ∈ A i and A i+n ∈ A i+n where n ≥ 2, then it is clear from the discussion in Section 4 that the right hand side of (4.5) is the same whether A i = A and A i+n = B or A i+n = A and A i = B. Explicitly,
If n is even, then it is also clear that
If n is odd, then we have
Hence, the equation
holds in general, and F * preserves (4.5).
We now prove that F * preserves (4.10)-(4.11) by again considering three separate cases. Case 1: i = j Without loss of generality, take A, B ∈ A 0 . We show that the images of the left hand side and the right hand side of (3.4)-(3.5) under F * are equal. If g N [1]⊕L B[1],A = 0, then we can decompose L and N as F (B) . On the left hand side, set
, and on the right hand side, set
Then it remains to show that [L] , [N ] A, B B, B L, N 
But this is just the identity (3.4)-(3.5) with F (A) and F (B) in place of A and B : Because F establishes a bijection between exact triangles
Moreover, this says that it suffices to show that A, B B, B L, N 
for arbitrary A, B, L, N ∈ A, which can be seen by a straightforward computation. Case 2: |i − j| = 1 Take A i ∈ A i , A i+1 ∈ A i+1 . Without loss of generality we may assume that i is even. Then for A = A i+1 and B = A i , (4.10)-(4.11) becomes
= [L] ,[N ] . Then applying F * to the right hand side gives [L] , [N ] 
proving that (4.10) and (4.11) have the same image under F * . The proof for A = A i and B = A i+1 is similar.
Case 3: |i − j| ≥ 2 If we take A ∈ A i and B ∈ A j for |i − j| ≥ 2, then (4.10)-(4.11) becomes
and it is easy to see that
Hence, (4.10)-(4.11) is preserved.
It is clear from the definition of F * that if G : D b (B) → D b (A) is a quasi-inverse to the derived equivalence F : D b (A) → D b (B), then G * defines an inverse to F * , proving Theorem 1.
